Abstract. This note is devoted to the study of the one dimensional interfacial coupling of two PDE systems at a given fixed interface, say x = 0. Each system is posed on a half-space, namely x < 0 and x > 0. As an interfacial model, a coupling condition whose objective is to enforce the continuity (in a weak sense) of a prescribed variable is imposed at x = 0. We focus on the coupling of two scalar conservation laws and state an existence result for the coupled Riemann problem. Numerical experiments are also proposed. In the long version of this note we will then consider, both from a theoretical and a numerical point of view, the coupling of two-phase flow models namely a drift-flux model and a two-fluid model. In particular, the link between both models will be addressed using asymptotic expansions.
1.
Introduction. This note is a short and temporary version of a longer paper following a presentation by the author at the conference New Trends in Model Coupling. Theory, Numerics and Applications held in Paris (France) in September 2009. It aims at briefly presenting some results obtained in the context of a collaboration between the Laboratoire Jacques-Louis Lions (http://www.ann.jussieu.fr) and the CEA-Saclay (http://www-centre-saclay.cea.fr/index.php/en) on the coupling problem of nonlinear systems of partial differential equations. The following persons have taken (or took) part in this collaboration : A. Ambroso, B. Boutin, C. Chalons, F. Coquel, T. Galié, E. Godlewski, F. Lagoutière, P.-A. Raviart, J. Segré, Nicolas Seguin. We refer the reader to http://www.ann.jussieu.fr/groupes/cea for more details. We have been more precisely interested in the development of theoretically grounded numerical tools for the coupling of two-phase flow models. With this in mind, we have studied a wide hierarchy of models : scalar conservation laws, gas dynamics equations, homogeneous models for two-phase flows, drift-flux models and bifluid systems. The industrial motivation is concerned with the simulation of nuclear reactors when several thermohydraulic codes are used. In these codes, multiple modelling scales are applied to describe the flow. For instance, different models can be used for each reactor component to take into account its specific behavior, or small scale models can be used, locally, to obtain a better resolution. When these models are put side to side, we face the problem of coupling. There is therefore a need to identify the nature of the information to be transmitted at a coupling interface in order to obtain a coherent description of the whole operating device.
The first part of the paper is devoted to the coupling of two scalar conservation laws. We first explain how the coupling problem is set from a mathematical point of view by precising the coupling condition we impose at the coupling interface. We then state an existence result for the Riemann problem and highlight some interesting features like existence and non uniqueness of both continuous and discontinuous (at the coupling interface) solutions. The numerical standpoint is also investigated. The second part of the paper, not presented in this short version, will be concerned with the coupling of two-phase flow models, namely a two-fluid two-pressure model and a drift-flux model.
This work was partially supported by the NEPTUNE project [12] , funded by CEA, EDF, IRSN and FRAMATONE-ANP.
2.
Interfacial coupling of two scalar conservation laws. In this section, we focus on the coupling of two scalar conservation laws at a fixed interface, say for instance x = 0. Each equation is associated with its own smooth flux function and is posed on a half-space, namely x < 0 and x > 0. More precisely, the problem writes as follows :
At this stage, the coupling condition at point x = 0 remains to be precised. Without further details, we assume here that it is physically relevant to impose the continuity of a given quantity v α = v α (u) at the coupling interface, that is to look for a solution
This continuity constraint will be understood in a weak sense hereafter.
2.1. Towards a weakened coupling condition. In order to illustrate the need for a weakened coupling condition instead of (4), let us temporarily concentrate on the simplest case v α (u) = u, α = L, R, so that (4) reads
Then, the coupling problem (1)- (2)- (4) can be understood as two boundary value problems, namely a "right" boundary value problem for the "left" system (1) and a "left" boundary value problem for the "right" system (2) :
. Now in this context, it is well-known that given u 0 , f , b and the following initial boundary value problem set for instance in Figure 1 . The boundary condition u(0 − , t) = b, t > 0 must therefore be understood in a weak sense. Following LeFloch and Dubois [9] and denoting w(
we propose to replace u(0 − , t) = b, t > 0 with
the set O(b) being defined by
The boundary value b obviously belongs to this set of admissible values since
More generally, (7) means that the left trace u(0 − , t) of the solution must coincide with the left trace (at point x = 0) of a Riemann solution for which the right state u d of the initial condition is b. In other words, the Riemann solution w(.; u g , u d ) for which the left and right states u g and u d are respectively u(0 − , t) and b must only have waves propagating with a non negative speed, see Figure 2 .
Consider now the more general initial boundary value problem
the setÕ(b) being defined bỹ
Remark 1. The invertibility assumption on θ −1 is necessary for z(.; ., .) and theñ O(b) to be well-defined. This assumption is thus necessary as soon as we deal with solutions of the initial boundary value problem (8) such that the continuity condition v(0 − , t) := θ −1 (u(0 − , t)) = b is not satisfied in the strong sense.
The mathematical formulation of the coupling problem.
It is now clear that the coupling condition (4) must be understood in a weak sense. Let us assume that v α (u) = θ
Along the lines of the previous subsection and following [9] , [10] and [11] , (4) is given the following weak sense :
where the setsÕ L (v d ) andÕ R (v g ) are naturally defined as follows. Denoting by w α (
Focusing on the particular case θ −1 α (u) = u, α = L, R, the weakened coupling condition (11) means that the left trace u(0 − , t) (respectively the right trace u(0 + , t)) of the solution of the coupled problem must coincide with the left trace (resp. the ; u(0 − , t), u(0 + , t)) has non positive speeds only right trace) of a Riemann solution associated with the flux f L (resp. f R ) and for which the right state u d (resp. the left state u g ) of the initial condition is u(0 + , t) (resp. u(0 − , t)). In other words, the Riemann solution w α (.; u(0 − , t), u(0 + , t)) must only have waves propagating with a non negative (respectively non positive) speed for α = L (resp. α = R), see Figures 3 and 4 .
Remark 2. Here again, the invertibility assumptions on θ −1 α are necessary for the setsÕ α (v), α = L, R to be well-defined. This assumption is thus necessary as soon as we deal with solutions of the coupling problem (1)- (2)- (11) such that v(0 − , t) = v(0 + , t). In this case, the continuity constraint v(0 − , t) = v(0 + , t) is satisfied in a weak sense only.
3. An existence result for the coupled Riemann problem. In this section, we consider the Riemann problem associated with the coupled problem under consideration, meaning that we look for a self-similar solution of (1)- (2), supplemented with the weakened coupling condition (11) and the initial condition
for two given initial states u g and u d . For convenience, we assume that both functions θ L and θ R are strictly increasing and map R onto itself.
In [1] , we proved the following existence result.
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CHRISTOPHE CHALONS Figure 5 . The functions f L and f R are strictly decreasing Instead of proving this theorem, which would be too long for the present limited in length note, we propose to illustrate it on particular flux functions.
Let us first briefly give some comments. Firstly, the solution to the coupled Riemann problem can be either continuous or discontinuous in the v-variable at the coupling interface. In the former case, the coupling condition (4) is satisfied in the classical sense, while in the latter one, this continuity constraint is satisfied in the weak sense (11) only. Secondly, it is worth noticing that the solution to the Riemann problem exists but is not necessarily unique. In fact, in some particular situations, continuous and discontinuous solutions at the coupling interface (and in the v-variable) may co-exist, the latter one being not necessarily unique. At last, note that even a 1-parameter family of continuous solutions at the coupling interface may exist for the same Riemann initial data.
3.1. Some particular configurations. In this section, we set v L (u) = v R (u) = u.
3.1.1. The functions f L and f R are strictly decreasing. In this case, information propagates with negative speed so that the right trace of the solution u(0 + , t) at the coupling interface necessarily equals u d . More precisely, we have
As far as the left trace u(0 − , t) is concerned, the coupling condition u(0 − , t) ∈ O L (u d ) imposes that the Riemann solution w L (.; u(0 − , t), u d ) has only waves propagating with non negative speeds. Since f L is strictly decreasing, this is not possible except if the waves are trivial which means that u(0 − , t) = u d . The Riemann solution to the coupled Riemann problem is therefore continuous at the coupling interface and equals u d : Figure 5 .
3.1.2.
The functions f L and f R are strictly increasing. This case is similar to the previous one. Here, information propagates with positive speed so that the left trace of the solution u(0 − , t) at the coupling interface necessarily equals u g . More precisely, u(x, t) = u g , x < 0. Figure 7 . The function f L is strictly increasing and the function f R is strictly decreasing
Regarding the right trace u(0 + , t), the coupling condition u(0 + , t) ∈ O R (u g ) imposes that the Riemann solution w R (.; u g , u(0 + , t)) has only waves propagating with non positive speeds. Since f R is strictly increasing, this is not possible except if the waves are trivial meaning that u(0 + , t) = u g . The Riemann solution is thus continuous and equals u g at the coupling interface : Figure 6 .
3.1.3.
The function f L is strictly increasing and the function f R is strictly decreasing. Here, information propagates with positive speed in the domain {x < 0} and with negative speed in the domain {x > 0} so that we necessarily have u(0 − , t) = u g and u(0 + , t) = u d . Let us now concentrate on the coupling condition which writes
must only have waves propagating with non negative (resp. non positive) speeds. This is obviously true since f L (resp. f R ) is strictly increasing (resp. strictly decreasing). The Riemann solution to the coupled Riemann problem is thus a stationary discontinuity, see Figure 7 .
3.1.4. The function f L is strictly decreasing and the function f R is strictly increasing. Here, information propagates with negative speed in the domain {x < 0} and with positive speed in the domain {x > 0} so that the values u(0 − , t) and u(0 + , t) cannot be defined from the initial data. Regarding the coupling condition, the Riemann solution w L (.; u(0 − , t), u(0 + , t)) (respectively w R (.; u(0 − , t), u(0 + , t))) must only have waves propagating with non negative (resp. non positive) speeds. This is Figure 8 . The function f L is strictly decreasing and the function f R is strictly increasing not possible since f L (resp. f R ) is strictly decreasing (resp. strictly increasing), except if u(0 − , t) = u(0 + , t). The solutions to the coupled Riemann problem are thus u-continuous at the coupling interface and form a one-parameter family depending on the parameter u(0) := u(0 − , t) = u(0 + , t) ∈ R, see Figure 8 .
4. Numerical experiments. The aim of this section is to illustrate the theoretical statements of the previous section from a numerical point of view. Note from now on that the numerical results of this section, and additional ones as well, can be found in [1] . Here, two particular configurations will be considered. The first one corresponds to the case of two strictly monotone flux functions f L and f R . The second one corresponds to a situation leading to two admissible discontinuous solutions at the coupling interface. Interestingly, we will observe that different numerical schemes may capture different solutions. Let us begin with a brief description of the numerical scheme.
4.1. Numerical scheme. We propose a finite volume method for the discretization of both systems (1) and (2) . Let ∆x and ∆t denote the uniform steps for space and time, and let C j+1/2 be the cells defined by C j+1/2 = (x j , x j+1 ) with x j = j∆x and whose centers are x j+1/2 = (j + 1/2)∆x for all j ∈ Z. We set λ = ∆t/∆x and t n = n∆t for n ∈ N. The approximate solution is assumed to be piecewise constant on each cell C j+1/2 and at each time t n and the corresponding value is denoted u n j+1/2 . As is usual, we first set
where u 0 denotes a given initial condition for the coupling problem. Then, let G α , α = L, R be two two-point numerical flux functions such that
We propose the following update formula for u n+1 j+1/2 :
with G n α,j = G α (u n j−1/2 , u n j+1/2 ) for j = 0. Said differently, the scheme is a classical finite volume scheme "far away" from the interface, while both fluxes G n L,0 and G n R,0 remain to be precised in order to define the numerical coupling procedure.
Following the previous works [10] , [11] (see also [2] , [3] , [4] , [5] , [6] , [7] ), we set in [1] 
where ghost states v n ±1/2 are obtained as v
For convenience , we will restrict ourselves on the simple case θ L = θ R = id, so that the ghost states at the interface are simply
At last and as far as the numerical flux functions G α , α = L, R are concerned, we will consider the celebrated Godunov scheme :
and a relaxation scheme (see for instance [14] ) defined by :
4.2. Numerical results. Let us now present the test cases and the numerical results. As Riemann initial data, we take The Riemann initial data is such that u g = −1.25 and u d = 1.75. It can be proved, see [1] , that the Riemann problem admits two discontinuous solutions. Numerical solutions are presented on Fig. 10 . We observe that the Godunov scheme and the relaxation scheme do not capture the same solution. 
